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Abstract
We prove the differentiability of β of Mather function on all homology classes
corresponding to rotation vectors of measures whose supports are contained in
a Lipschitz Lagrangian absorbing graph, invariant by Tonelli Hamiltonians. We
also show the relationship between local differentiability of β and local integra-
bility of the Hamiltonian flow.
1 Introduction
Given a Tonneli Lagrangian L, Mather introduced the β-function of L, which is
a convex and superlinear function. Many interesting properties of the Euler–Lagrange
flow can be derived from the study of the behaviour of the β-function. Understanding
whether or not this function is differentiable and what are the implications of its re-
gularity to the dynamics of the system is an interesting problem. This type of problem
was developed by D. Massart in several works as, for example, [14] and [15].
Even in this context, D. Massart and A. Sorrentino get in the work Differen-
tiability of Mather’s average action and integrability on closed surfaces (see [16]) the
relation, on closed surfaces, between the differentiability of β-function and the integra-
bility of the system. However there are examples of systems which are not integrable
but have invariant Lipschitz Lagrangian graphs, i.e. invariant graphs of the form
Gη,u = graph (η + du) where η is a closed one-form and u is a function of class C1 with
Lipschitz differential.
Motivated by these problems, in this work we study the differentiability of β at
homologies h whose the measures with vector rotation h are supported on an invariant
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Lipschitz Lagrangian graph. We obtain differentiability of β in these homologies if
the invariant graph is an absorbing graph, i.e. a graph which not contain ω-limit of
minimizing curves out of it1. More precisely, we prove the following theorem:
Theorem 1 Let Gη,u be an invariant Lipschitz Lagrangian graph. Then Gη,u is absor-
bing if and only if β is differentiable at h for all h ∈ ∂α ([η]) and A∗[η] = Gη,u.
One can derive some consequences of this result. For instance, if the system is
locally Lipschitz integrable on an invariant Lipschitz Lagrangian graph Gη,u ⊂ T ∗M, i.e.
there exists a neighborhood V of Gη,u in T ∗M foliated by disjoint invariant Lipschitz
Lagrangian graphs, of course that the graphs contained in V are absorbing, so the
following result is a local version of a result of D. Massart and A. Sorrentino (See [16],
Lemma 5).
Theorem 2 Let Gη,u be an invariant Lipschitz Lagrangian graph. If H is locally Lip-
schitz integrable on Gη,u, then there exists a neighborhood U0 ⊂ H1 (M ;R) of [η] such
that β is differentiable at any point of V =
⋃
c∈U0
∂α (c) .
We prove the converse of Theorem 2 in the case M equals torus T2 (see Theorem
15). In this case, the set V =
⋃
c∈U0
∂α (c) , obtained in the above statement, is open
in H1 (T
2;R). Then we geralize ([16], Theorem 3) to local case.
We also give a particular attention to existence of neighborhood contained in
the tiered Man˜e´, introduced by M-C. Arnaud in [1], and its relation with the local
integrability of system and therefore with the local differentiability of β. Indeed, we
prove a local version of a result of M-C. Arnaud (See [2], Theorem 1), in the Section
5, Corollary 13.
2 Preliminaries
Let M be a compact connected manifold and TM its tangent bundle. A Tonelli’s
Lagrangian is a function L : TM → R of class at least C2 which is convex and
superlinear. Let us recall the main concepts introduced by Mather in [17]. Let M (L)
be the set of probabilities on the Borel σ-algebra on TM which are invariant under the
Euler–Lagrange flow ϕLt . The Euler Lagrange flow generated by L does not change by
1the formal definitions and all notations are defined in the Sections 2, 3 and 4
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adding a closed one form η and the action of a probability measure µ ∈M (L), defined
by
AL−c (µ) =
∫
TM
(L− η) dµ
depends only on the cohomology class c = [η] ∈ H1(M ;R).
The minimal action value, which also depends only on the cohomology class
c = [η], is denoted by −α(c), that is:
α(c) = − inf
µ∈M(L)
AL−c (µ) .
Mather proved that the function c 7→ α (c) , so-called α of Mather function, is convex
and superlinear. It is known that α(c) is the energy level that contains the Mather set
for the cohomology class c:
M˜c =
⋃
µ
supp(µ),
where the union is taken over the set of Borel probability measures µ ∈ M (L) called
c-minimizing, i.e. α(c) = −AL−c (µ) . The set M˜c is a compact invariant set which is
a graph over a compact subset Mc of M , the projected Mather set (see [17]). Mc is
laminated by curves, which are global (or time independent) minimizers.
Given a probability measure µ ∈ M (L), its homology or its rotation vector is
defined as the unique ρ (µ) ∈ H1(M ;R) such that
〈ρ(µ), [ω]〉 =
∫
TM
ωdµ,
for all closed 1-forms ω on M. By convexity, we can consider the dual Fenchel of α,
called β of Mather function, as
β (h) = inf
ρ(µ)=h
AL (µ) .
Mather also proved that the β function is convex and superlinear. We say that a
measure µ ∈ M (L) with ρ (µ) = h is h-minimizing if β (h) = AL (µ) . The set M˜h is
the union of supports of probability measures h-minimizing.
In general, the maps α and β are neither strictly convex, nor differentiable. The
projection on domain of regions of graph where either map is affine are called flats.
Actually, if the map is strictly convex at a point, the flat is this only point and if the
map is not strictly convex, the flat is non-trivial. By duality we have the inequality
α(c) + β (h) ≥ 〈c, h〉 , ∀c ∈ H1(M ;R), ∀h ∈ H1(M ;R),
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called Fenchel inequality. Given c ∈ H1(M ;R) (resp. h ∈ H1(M ;R)), the homology
class h ∈ H1(M ;R) (resp. c ∈ H1(M ;R)) achieving equality in the Fenchel inequality
is called subderivative of α in c (resp. subderivative of β in h). The set composed by
subderivatives of α in c (resp. subderivatives of β in h) is called Legendre transform
of c (resp. h), and denoted ∂α (c) (resp. ∂β (h)). Therefore, ∂α (c) is a flat of β and
∂β (h) is a flat of α. By convexity, the sets ∂α (c) and ∂β (h) are non-empty.
Many interesting properties of the Euler–Lagrange flow can be derived from the
study of the behaviour of the β-function. For instance, if h is an extremal point of
β-function, i.e. h is not convex combination of two elements in a same flat of β, then
there exist ergodic measures with homology h (see [13]).
Let us recall that we can associate to such a Tonelli’s Lagrangian L the Hamil-
tonian function H : T ∗M → R via Legendre transform L : TM → T ∗M, which under
our assumption, is a diffeomorphism of class at least C1, defined in coordinates by
L (x, v) =
(
x,
∂L
∂v
(x, v)
)
.
Actually, H is the dual Fenchel of L and also is convex and superlinear. Given a
cohomology class c and a closed 1-form ηc with [ηc] = c, we consider the Hamilton-
Jacobi equation
H (x, ηc (x) + dxu) = α(c). (HJ)
A Lipschitz function u : M → R is called a subsolution of Hamilton-Jacobi for the
Lagrangian L− c if for some closed 1-form ηc with [ηc] = c, we have
H (x, ηc (x) + dxu) ≤ α(c), (1)
at almost every point. Note that this definition is equivalent to the notion of viscosity
subsolutions (see [9]). We denote by C1,1 the set of differentiable functions with Lips-
chitz differential. Observe that a C1,1 function u is solution of (HJ) if and only if the
graph of ηc + du, denoted by Gηc,u, is invariant under Hamiltonian flow.
We now recall the definition of calibrated curves (see [9]). If u : M → R is
a subsolution of Hamilton-Jacobi for L − c, we say that the curve γ : I → M is
(u, L− c, α (c))-calibrated if, for the representative ηc of the cohomology class c given
in (1), we have the equality
u (γ (t))− u (γ (t′)) =
∫ t
t′
L (γ (s) , γ˙ (s))− ηc (γ˙ (s)) + α (c) ds,
for all t′, t ∈ I. The subset I˜c(u) of TM is defined by
I˜c(u) =
{
(x, v) ∈ TM : γ(x,v) is (u, L− c, α (c)) -calibrated
}
,
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where γ(x,v) = π ◦ ϕLt (x, v). The set I˜c(u) is invariant and the curves contained in it
are called curves c-minimizing.
Using the sets I˜c(u), one can give (see [10]) the following characterization of the
Man˜e´ set and of the Aubry set:
N˜c =
⋃
u∈SSc
I˜c (u) and A˜c =
⋂
u∈SSc
I˜c (u) ,
where SSc is the set of subsolution of (HJ) for L − c. These invariant sets contain
the Mather set and have interesting dynamical properties, for instance A˜c also is graph
whose projection is laminated by global minimizers and it is chain recurrent. The Man˜e´
set N˜c is connected and chain transitive (see for instance [7]).
Using the duality between Lagrangian and Hamiltonian, via Legendre transform,
we define the sets of Mather, Aubry and Man˜e´ in the cotangent bundle, respectively
by
M∗c = L
(
M˜c
)
,A∗c = L
(
A˜c
)
e N ∗c = L
(
N˜c
)
.
One useful way to produce invariant Lipschitz Lagrangian graphs is to show that
π (A∗c) = M. If this is the case, the Theorem 2.5 of [10] says that there exists an
unique solution u of (HJ) for the Lagrangian L − c which is C1,1 and such that A∗c is
the graph of ηc + du, for some ηc representative of cohomology class c.
3 Absorbing sets
If u : M → R is a subsolution of (HJ) for L− c, we denote by I˜+c (u) the subset
of TM defined as
I˜+c (u) =
{
(x, v) : γ(x,v)|[0,+∞) is (u, L− c, α (c)) -calibrated
}
,
where γ(x,v) is the curve defined on R by
γ(x,v) (t) = π ◦ ϕLt (x, v) .
The forward Man˜e set is defined by
N˜+c =
⋃
u∈SSc
I˜+c (u) ,
where SSc is the set of critical subsolutions for the Lagrangian L − c. We define the
forward tiered Man˜e´ set as the union of all forward Man˜e sets, i.e. the subset of TM
given by
N T+ (L) =
⋃
c∈H1(M)
N˜+c .
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Definition 3 We say that an invariant set Λ ⊂ TM is an absorbing set if for all
(x, v) ∈ N T+ (L) we have
ω (x, v) ⊂ Λ⇒ (x, v) ∈ Λ
Definition 4 Let G ⊂T ∗M be an invariant Lipschitz Lagrangian graph. We say that
G is an absorbing graph if L−1 (G) is an absorbing set.
Lemma 5 If (x, v) ∈ N˜+c , then the ω-limit set ω (x, v) is contained in A˜c.
Proof: In fact, let (x, v) ∈ N˜+c and γ : R → M the projection of Euler-Lagrange
solution γ (t) = π ◦ ϕLt (x, v) curve such that γ|[0,+∞) is (u, L− c, α (c))-calibrated for
some u ∈ SSc. This means that there exists a closed 1-form ηc with [ηc] = c such that
H (x, ηc (x) + dxu) ≤ α (c) at almost every point and
u (γ (t))− u (γ (t′)) = AL−ηc+α(c)
(
γ|[t′,t]
)
for all 0 < t′ < t.
Let (y, z) ∈ ω (x, v) , i.e. (y, z) = limn→∞ (γ, γ˙) (tn) with tn →∞.
Let us consider σ : R→M the projection of the Euler-Lagrange solution σ (t) =
π ◦ϕLt (y, z) . Given a Hamilton-Jacobi subsolution u : M → R belonging to SSc, there
exists a closed 1-form ξc with [ξc] = c and H (x, ξc (x) + dxu) ≤ α (c) at almost every
point. It follows from ([9], Proposition 4.2.3) that u satisfies
u (γ (t))− u (γ (t′)) ≤ AL−ξc+α(c)
(
γ|[t′,t]
)
, ∀t′ < t.
We can consider V a C∞ (M) function such that ηc = ξc + dV. Thus, if s > 0 and (tk)
and (tm) are two subsequences of (tn) such that tk− s > tm+ s and tk, tm > s, we have
AL−ξc+α(c)
(
σ|[−s,s]
)
+ u (σ (−s))− u (σ (s))
= lim
m,k
[
AL−ξc+α(c)
(
γ|[tm−s,tm+s]
)
+ u (γ (tk − s))− u (γ (tm + s))
]
≤ lim
m,k
[
AL−ξc+α(c)
(
γ|[tm−s,tm+s]
)
+ AL−ξc+α(c)
(
γ|[tm+s,tk−s]
)]
= lim
m,k
AL−ξc+α(c)
(
γ|[tm−s,tk−s]
)
= lim
m,k
[
AL−ξc−dV+α(c)
(
γ|[tm−s,tk−s]
)
+ V (γ (tk − s))− V (γ (tm − s))
]
= lim
m,k
AL−ηc+α(c)
(
γ|[tm−s,tk−s]
)
+ V (γ (−s))− V (γ (−s))
= lim
m,k
u (γ (tk − s))− u (γ (tm − s))
= u (γ (−s))− u (γ (−s)) = 0.
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Therefore
AL−ξc+α(c)
(
σ|[−s,s]
) ≤ u (σ (s))− u (σ (−s)) .
The opposite inequality holds because u is a Hamilton-Jacobi subsolution (see [9],
Proposition 4.2.3). This shows that
(y, z) ∈
⋂
u∈SSc
I˜c (u) = A˜c.
Examples of absorbing graphs are the so-called Schwartzman strictly ergodic
graphs (see [11]), i.e. invariant graphs Λ which support an invariant measure with
full support. In fact, let µ the invariant measure supported in Λ with ρ (µ) = h. If
ω (x, p) ⊂ Λ for some (x, p) ∈ L
(
I˜+c (L)
)
, then it follows from above lemma that
ω (x, p) ⊂ A∗c ∩ Λ. In particular,
ω (x, p) ⊂ L
(
M˜h
)
∩A∗c .
Since π
(
M˜h
)
= M, we have A∗c = L
(
M˜h
)
= Λ. By the graph property, we conclude
that (x, p) ∈ Λ.
Actually, the same argument can be used to prove that an invariant graph Λ such
that all invariant probability measures with support contained in Λ have the same
rotation vector h and the union of their supports equals Λ, also it is absorbing.
Proposition 6 Let Λ ⊂ TM be an invariant absorbing set. If A˜c ⊂ Λ for some
c ∈ H1 (M ;R) , then Λ projects onto the whole manifold M.
Proof: Let us consider a closed 1-form ηc representative of the cohomology class c. It
follows from ([9], Theorem 4.9.3) that there exists a weak KAM of positive type u+ for
the Lagrangian L− ηc. Then u+ is subsolution of (HJ) and given x ∈M we can find a
C1 curve γx : [0,∞)→M with γx (0) = x, which is (u+, L− ηc, α (c))-calibrated. This
means that for all 0 < t′ < t holds
u+ (γx (t))− u+ (γx (t′)) =
∫ t
t′
L (γx (s) , γ˙x (s))− ηc (γ˙x (s)) + α (c) ds.
Therefore (γx, γ˙x) ∈ I˜+c (u+) ⊂ N˜+c and, by Lemma 5, we have that the ω-limit set of
(γx, γ˙x) is contained in Aubry set A˜c. Since Λ is an absorbing set that contains A˜c, we
obtain (x, γ˙x (0)) ∈ Λ.
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Lemma 7 Let c ∈ H1 (M ;R) and h ∈ H1 (M ;R) . We have M˜h ⊂ M˜c if and only if
c ∈ ∂β (h) .
Proof: If M˜h ⊂ M˜c, then there exists a c-minimizing measure µ with ρ (µ) = h. So
−α (c) =
∫
TM
(L− ηc) dµ =
∫
TM
Ldµ− 〈c, h〉 = β (h)− 〈c, h〉 ,
where ηc is a representative of the cohomology class c. This show that c ∈ ∂β (h) .
Conversely, let µ minimizing measure with rotation vector h. If c ∈ ∂β (h) , then
β (h) = 〈c, h〉 − α (c) . Therefore
−α (c) = β (h)− 〈c, h〉 =
∫
TM
Ldµ− 〈c, ρ (µ)〉 =
∫
TM
(L− ηc) dµ.
This proves that µ is c-minimizing.
4 Proof of Theorems 1 and 2
In order to prove Theorems 1 and 2 we begin by proving the following lemma:
Lemma 8 Let Gη,u be an invariant Lipschitz Lagrangian absorbing graph. Then N ∗[ω]∩
Gη,u 6= ∅ if and only if [ω] = [η] . Moreover, A∗[η] = Gη,u.
Proof: Since Gη,u is an invariant Lipschitz Lagrangian graph, it is contained in the
Man˜e´’s set N ∗[η]. Therefore, if (x0, p) ∈ N ∗[ω] ∩ Gη,u, then we have (x0, p) ∈ N ∗[ω] ∩ N ∗[η].
By Lemma 5, the ω-limit set of points in Man˜e´ set is contained in the Aubry set. Thus
ω (x0, p) ⊂ A∗[ω] ∩A∗[η].
This shows that the intersection A∗[ω] ∩ A∗[η] is non-empty. Then, by a result of
D. Massart (see [14], Proposition 6), α has a flat F containing [ω] and [η]. Let c
be a cohomology class belonging to the relative interior of F. It follows from ([14],
Proposition 6) that A∗c ⊂ A∗[ω] ∩A∗[η].
Let us consider a closed 1-form ηc, with [ηc] = c. It follows from ([9], Theorem
4.9.3) that there exists a weak KAM of positive type u+ for the Lagrangian L−ηc. Then
u+ is subsolution of (HJ) and given x ∈M, we can find a C1 curve γx : [0,∞)→M with
γx (0) = x, which is (u+, L− ηc, α (c))-calibrated. This means that for all 0 < t′ < t
holds
u+ (γx (t))− u+ (γx (t′)) =
∫ t
t′
L (γx (s) , γ˙x (s))− ηc (γ˙x (s)) + α (c) ds.
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Therefore (γx, γ˙x) ∈ N˜+c and, by Lemma 5, we have that the ω-limit set of (γx, γ˙x) is
contained in Aubry set A˜c. Recall that by invariance of Gη,u we have Gη,u = L
(
I˜η (u)
)
and the Aubry set A∗[η] is contained in Gη,u. Since A∗c ⊂ A∗[η] ⊂ Gη,u, we conclude
the ω-limit set of (γx, γ˙x) is contained in Gη,u. Moreover, it follows from Gη,u being an
absorbing graph, that the Hamiltonian orbit L (γx, γ˙x) is entirely contained in Gη,u. As
a consequence, given T > 0, we have
L (γx (−T ) , γ˙x (−T )) ∈ Gη,u.
If we let z = γx (−T ) ∈ M, since u+ is weak KAM, there exists a C1 curve γz :
[0,∞)→ M which is (u+, L− ηc, α (c))-calibrated with γz (0) = z. Similarly as above,
the ω-limit set of L (γz, γ˙z) is contained in Gη,u. Thus L (γz (0) , γ˙z (0)) ∈ Gη,u and, since
γz (0) = γx (−T ) , we have γ˙z (0) = γ˙x (−T ) . It follows from the uniqueness of solutions
that γz (t) = γx (t− T ) . This shows that γx|[−T,∞) is (u+, L− c, α (c))-calibrated and,
by ([9], Lemma 4.13.1), u+ is differentiable at x with
dxu+ =
∂L
∂v
(x, γ˙x (0))− ηc (γ˙x (0)) .
Now let us consider another weak KAM v+ for the Lagrangian L−ηc. There exists
a C1 curve δx : [0,∞) → M with δx (0) = x, which is (v+, L− ηc, α (c))-calibrated.
Similarly, we conclude that
dxv+ =
∂L
∂v
(
x, δ˙x (0)
)
− ηc (γ˙x (0)) .
Moreover, the points L (γx (0) , γ˙x (0)) and L
(
δx (0) , δ˙x (0)
)
belong to the graph
Gη,u with γx (0) = δx (0) = x. Thus γ˙x (0) = δ˙x (0) and we conclude that dxu+ = dxv+.
Since this equality holds for all x ∈M andM is connected, we have that u+ differ of v+
by a constant. By arbitrariness of the two weak KAM, we conclude that any two weak
KAM for the Lagrangian L− ηc differ by a constant. It follows from ([10], Proposition
4.4) that A∗c = N ∗c . On the other hand, since u+ is differentiable everywhere in M , by
([9], Lemma 4.13.1), we have
H (x, ηc (x) + dxu+) = α (c) , (2)
This means that the graph Gηc,u+ is invariant, so Gηc,u+ ⊂ N ∗c = A∗c . By the graph
property, we have A∗c = N ∗c = Gηc,u+. As a consequence of A∗c ⊂ A∗[ω] ∩ A∗[η], we obtain
A∗c = A∗[ω] = A∗[η] = Gη,u.
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We also have that the projected Aubry set A[ω] is the whole manifoldM, so there exists
a function v ∈ C1,1 such that A∗[ω] = Gω,v. Therefore
η (x) + dxu = ω (x) + dxv, ∀x ∈M ⇒ (η − ω) (x) = dx (v − u) ,
which implies [ω] = [η] .
We can now prove the main result stated in Introduction.
Proof: (of Theorem 1) Suppose that Gη,u is an absorbing graph. By the Lemma
8, A∗[η] = Gη,u. We need to show that β is differentiable on ∂α ([η]) . For a given
h ∈ ∂α ([η]) , it suffices to show that ∂β (h) = {[η]} . Let us assume that [ξ] ∈ ∂β (h) ,
so we have h ∈ ∂α ([η]) ∩ ∂α ([ξ]) . It follows from Lemma 7 that
M˜h ⊂ A˜[η] ∩ A˜[ξ].
This implies that A∗[η] ∩ A∗[ξ] 6= ∅. Moreover, since A∗[η] ⊂ Gη,u, by Lemma 8 we have
[ξ] = [η]. Hence β is differentiable at h.
Conversely, suppose that β is differentiable at all homology class h ∈ ∂α ([η])
and A∗[η] = Gη,u. Let (x, p) ∈ N T+ (L) such that ω (x, p) ⊂ Gη,u and let us consider
c ∈ H1 (M ;R) and v ∈ SSc such that (x, p) ∈ L
(
I˜+c (v)
)
. It follows from Lemma 5
that ω (x, p) ⊂ A∗c . Thus
ω (x, p) ⊂ A∗c ∩ Gη,u = A∗c ∩ A∗[η].
This implies that A∗c ∩ A∗[η] 6= ∅ and, by ([14], Proposition 6), there exists a flat F
of α such that c and [η] belong to F. As a consequence, there exists h ∈ H1 (M ;R)
such that [η] , c ∈ ∂β (h). Since β is differentiable at all h ∈ ∂α ([η]) , we obtain
[η] = c. In particular, (x, p) ∈ L
(
I˜+[η] (v)
)
. Since A[η] = M, there exists ξ ∈ TxM
such that (x, ξ) ∈ A˜[η]. Then v is differentiable at x and ∂L∂v (x, ξ)− η = dxv (see [10],
Theorem 2.5). Moreover, if γ = π ◦ ϕLt (L−1 (x, p)) is the curve such that γ|[0,+∞) is
(u, L− [η] , α ([η]))-calibrated, then
v (γ (t))− v (γ (0)) = AL−η+α([η])
(
γ|[0,t]
)
for all t > 0.
Dividing by t, and letting t→ 0+, we get
dxv (γ˙ (0)) = L (x, γ˙ (0))− η (γ˙ (0)) + α ([η]) .
By Fenchel inequality, this can happen if and only if ∂L
∂v
(x, γ˙ (0))− η = dxv. Therefore
γ˙ (0) = ξ and (x, p) ∈ A∗[η] = Gη,u.
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Other examples of absorbing graphs are graphs contained in neighborhoods fo-
liated by invariant Lipschitz Lagrangian graphs. We say that an open V in T ∗M is
foliated by invariant Lipschitz Lagrangian graphs if each (x, p) ∈ V belongs to a unique
invariant Lipschitz Lagrangian graph G ⊂ V.
Definition 9 We say that a Tonelli Hamiltonian H is locally Lipschitz integrable on
an invariant Lipschitz Lagrangian graph Gη,u if there exists a neighborhood V ⊂ T ∗M
of Gη,u foliated by invariant Lipschitz Lagrangian graphs.
Now we can to prove the Theorem 2:
Proof: (of Theorem 2) Let V be a neighborhood of Gη,u foliated by invariant Lipschitz
Lagrangian graphs. Note that an invariant Lipschitz Lagrangian graph G contained in
V is absorbing. Since Gη,u ⊂ V, by Theorem 1,
Gη,u = A∗[η] = N ∗[η].
We can use the upper semicontinuity of the Man˜e´ set (see for instance [1], Proposition
13]) to deduce that there exists U0 ⊂ H1 (M ;R) , an open neighborhood of [η] , such
that N ∗c ⊂ V for all c ∈ U0. Given
h ∈ V =
⋃
c∈U0
∂α (c) ,
let us suppose that h ∈ ∂α (c0) for some c0 ∈ U0. So N ∗c0 ⊂ V and, by connectedness
of Man˜e´ set, N ∗c0 is contained in some invariant Lipschitz Lagrangian Gω,v ⊂ V. Since
Gω,v is absorbing, it follows from Lemma 8 that c0 = [ω]. Moreover, by the Theorem
1, β is differentiable at h ∈ ∂α (c0) .
5 Dynamical properties on a neighborhood of graphs
and differerentiability of β
The tiered Man˜e´ set, denoted by N T (L) was introduced by M-C. Arnaud in [1].
It is defined as the union of Man˜e´ sets N˜c for all cohomology class c ∈ H1 (M ;R) , i.e.
N T (L) =
⋃
c∈H1(M)
N˜c.
Arnaud also defines the dual tiered Man˜e´ N T∗ (L) as L
(N T (L)) ⊂ T ∗M and proves,
in the work A particular minimization property implies C0-integrability (see [2]), that
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the dual tiered Man˜e´ N T∗ (L) is whole cotangent bundle T ∗M if and only if T ∗M is
foliated by invariant Lipschitz Lagrangian graph. In this section we are interested in
the differentiability of β when there exists a neighborhood V of an invariant Lipschitz
Lagrangian G contained in N T∗ (L) . We study the relation of this hypothesis with the
existence of absorbing graphs contained in the neighborhood V.
Lemma 10 Let us assume that for [η] ∈ H1 (M ;R) there exists a neighborhood V of
A∗[η] in T ∗M such that V ⊂ N T∗ (L) . Hence if for c ∈ H1 (M ;R) ,A∗c ∩V is non-empty,
then A[η] ⊂ Ac.
Proof: Let ηc be a representative of the cohomology class c. Let us consider (x0, p0) ∈
A∗c ∩ V and δ > 0 such that the ball Bδ (x0, p0) ⊂ T ∗M centered at (x0, p0) and radius
δ is contained in V. By ([2], Proposition 10), we can find T0 (c) > 0 such that for all
T > T0 (c) and for every Tonelli minimizing curve γ : [0, T ] → M with γ (0) = γ (T )
for the Lagrangian L−ηc, we have d (L (x0, γ˙ (0)) , (x0, p0)) < δ, where d is the distance
in T ∗M.
Since x0 ∈ Ac, one of characterizations of Aubry sets (see for instance [10],
Theorem 2.1 (4)) ensures the existence of a sequence of Tonelli minimizing curves
γn : [0, Tn] → M for the Lagrangian L − c with γn (0) = γn (Tn) = x0 such that
Tn →∞ and AL−c+α(c) (γn)→ 0. Therefore, if Tn > T0 (c) , we have
d (L (x0, γ˙n (0)) , (x0, p0)) < δ, hence L (x0, γ˙n (0)) ∈ V ⊂ N T∗ (L) .
In particular, (γn, γ˙n) is a periodic orbit contained in some Man˜e´ set N˜[λn] for some
closed 1-form λn. Therefore (γn, γ˙n) supports a measure µn which is [λn]-minimizing.
Now we will show that A[η] ⊂ Ac. Indeed, let us consider y ∈ A[η] and q ∈ T ∗yM
such that (y, q) ∈ A∗[η]. Let ǫ > 0 such that Bǫ (y, q) ⊂ V. Again by ([2], Proposition
10), we can find T0 ([η]) > 0 such that for all T > T0 ([η]) and for every Tonelli
minimizing curve ζ : [0, T ]→M with ζ (0) = ζ (T ) for the Lagrangian L− [η] , we have
d
(
L
(
y, ζ˙ (0)
)
, (y, q)
)
< ǫ.
Take n sufficiently large such that Tn > max {T0 (c) , T0 ([η])} . Because of Tonelli
Theorem, we know that for each Tn, there exists a Tonelli minimizing curve Γn :
[0, Tn]→ M with Γn (0) = Γn (Tn) = y for the Lagrangian L− η which is homologous
to γn. Since Tn > T0 (η) , we have d
(
L
(
y, Γ˙n (0)
)
, (y, q)
)
< ǫ which implies
L
(
y, Γ˙n (0)
)
∈ Bǫ (y, q) ⊂ V.
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As a consequence,
(
Γn, Γ˙n
)
is a periodic orbit which supports a measure νn which is
λn-minimizing for some closed 1-form λn. However, we have
ρ (µn) =
1
Tn
[γn] =
1
Tn
[Γn] = ρ (νn) .
Thus,
AL−λn (µn) = AL (µn)− 〈ρ (µn) , λn〉
= β (ρ (µn))− 〈ρ (νn) , λn〉
= AL−λn (νn) .
Or, ∫ Tn
0
L (γn, γ˙n)− λn (γ˙n) dt =
∫ Tn
0
L
(
Γn, Γ˙n
)
− λn
(
Γ˙n
)
dt.
Therefore,
AL−ηc+α(c) (Γn) = AL−λn+(λn−ηc)+α(c) (Γn) = AL−λn (Γn) + [λn − ηc] [Γn] + α (c) Tn
= AL−λn (γn) + [λn − ηc] [γn] + α (c)Tn = AL−ηc+α(c) (γn)→ 0.
This shows that y ∈ Ac and we obtain A[η] ⊂ Ac.
The following corollary relates a neighborhood contained in the dual tiered Man˜e´
to the existence of absorbing graphs for each cohomology class belonging to an open
subset of H1 (M ;R) .
Corollary 11 Let V be a neighborhood of an invariant Lipschitz Lagrangian graph
Gη,u such that Gη,u = A∗[η]. Let us assume that V is contained in the dual tiered Man˜e´
N T∗ (L) . Then there exists a neighborhood U0 ⊂ H1 (M ;R) of [η] such that for each
c ∈ U0, there exists an absorbing graph Gηc,uc with [ηc] = c and uc ∈ C1,1. Hence β is
differentiable at any point of V =
⋃
c∈U0
∂α (c) .
Proof: We can use the upper semicontinuity of the Man˜e´ set (see for instance [1],
Proposition 13) to deduce that there exists U0 ⊂ H1 (M ;R) , a neighborhood of [η] ,
such that N ∗c ⊂ V for all c ∈ U0. In particular, for all c ∈ U0 we have A∗c ⊂ V
and, by the Lemma 10, we conclude that Ac = A[η]. Moreover, since Gη,u = A∗[η], we
have Ac = M . Therefore, there exists a closed 1-form ηc with [ηc] = c and a function
uc ∈ C1,1 such that A∗c = Gηc,uc . It remains to show that Gηc,uc is absorbing. In fact, if
(x, p) ∈ L (N T+ (L)) and
ω (x, p) ⊂ Gηc,uc = A∗c ,
13
then the curve γ (t) = π ◦ ϕHt (x, p) , the projection of the Hamiltonian flow ϕHt , in-
tersects V for some time τ > 0. In particular ϕHτ (x, p) belongs to some Man˜e´ set N ∗c .
This implies that ω (x, p) ⊂ A∗c , so A∗c ∩ A∗c 6= ∅. The Lemma 10 implies that Ac = M
and, as a consequence, there exist v ∈ C1,1 and ηc a representative of the cohomology
class c such that A∗c = Gηc,v.
By Proposition 6 of [14], c and c belong to the same flat F of α. Moreover, if
c0 is in the relative interior of F, then A∗c0 ⊂ A∗c ∩ A∗c . It follows from Lemma 10 that
Ac0 = M and, as a consequence, there exist a closed 1-form ηc0 with [ηc0 ] = c0 and a
function u0 ∈ C1,1 such that A∗c0 = Gηc0 ,u0 . This shows that
Gηc0 ,u0 = Gηc,u = Gηc,v,
and, by the graph property, N ∗c = Gηc,v = Gηc,u. This shows that ϕHt (x, p) belongs to
Gηc,u for all t ∈ R. In particular, (x, p) belongs to Gηc,u and we conclude that Gηc,u is
an absorbing graph.
The conclusion that β is differentiable at any point of V =
⋃
c∈U0
∂α (c) follows
from Theorem 1.
The union of the invariant absorbing graphs obtained in the previous corollary
may or may not be an open subset of T ∗M. However, this is the case, with the additional
hypothesis dimH1 (M ;R) = dimM , as shown in the following theorem.
Theorem 12 Suppose that dimH1 (M ;R) = dimM. Let U0 ⊂ H1 (M,R) be a neigh-
borhood of [η] such that for each c ∈ U0, there exists an invariant Lipschitz Lagrangian
absorbing graph Gηc,uc with [ηc] = c and uc ∈ C1,1. Then the Hamiltonian is locally
Lipschitz integrable on Gη,u, where u = u[η].
Proof: Let us define the map
F : M × U0 → T ∗M (3)
(x, c)→ (x, ηc (x) + dxuc)
where the closed 1-form ηc is a representative of c and uc ∈ C1,1 such that Gηc,uc is an
invariant absorbing graph. In particular, by Theorem 1, we have A∗c = Gηc,uc . This map
is injective because the absorbing graphs are disjoint. Moreover, F is also continuous.
In fact, let (xn, cn) → (x0, c) and consider its associated graphs A∗cn = G∗ηcn ,ucn . Let
us consider the sequence of Lipschtz functions λn = ηcn + ducn. Note that, by the
graph property, we have A∗cn = N ∗cn. Moreover, by upper semicontinuity of the Man˜e´
set (see [1], Proposition 13), we conclude that for n sufficiently large, the sequence
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(xn, λn (xn)) ∈ N ∗cn remains in a compact set. We can conclude that – up to selecting
a subsequence – (xn, λn (xn)) converges to some point that belongs to N ∗c . Moreover,
since N ∗cn = A∗cn and xn → x0, by the graph property, we conclude that
(xn, λn (xn))→ (x0, ηc (x0) + dx0uc)⇔ F (xn, cn)→ F (x0, c) .
The result follows from Invariance Domain Theorem for manifolds. In fact,
dim (M × U) = 2n = dimT ∗M
and F is continuous and injective. Therefore F (M × U) is open and Gη,u ⊂ F (M × U) ,
that is, the Hamiltonian is locally Lipschitz integrable on Gη,u.
As an immediate consequence of Corollary 11 and Theorem 12, we present a local
version of Arnaud’s Theorem ([2], Theorem 1).
Corollary 13 Suppose that dimH1 (M ;R) = dimM. Let V be a neighborhood of an
invariant Lipschitz Lagrangian Gη,u such that Gη,u = A∗[η] and V is contained in the
dual tiered Man˜e´ N T∗ (L) . Then the Hamiltonian is locally Lipschitz integrable on Gη,u.
6 The Case M = T2
We say that a homology h ∈ H1 (T2;R) is rational if there exists λ > 0 such
that λh ∈ i∗H1 (T2;Z) , where i∗ : H1 (T2;Z) → H1 (T2;R) is the natural map. Since
the manifold treated in this section is the torus T2, we can say that a homology h ∈
H1 (T
2;R) is irrational if it is not rational. For general manifolds, there is the concept
of k-irrationality (see for instance [14]).
Note that if two cohomology classes lie in the relative interior of a flat of α, by
[17] their Mather sets coincide. Then M˜ (∂β(h)) denotes the Mather sets of all the
cohomologies in the relative interior of ∂β(h). A homology class h is said to be singular
if its Legendre transform ∂β(h) is a singular flat, i.e. its Mather set M˜ (∂β(h)) contains
fixed points.
One natural question in the present context is if the set V =
⋃
c∈U0
∂α (c) obtained
in Theorem 2 is an open of H1 (M ;R) . If this the case, by convexity β, we obtain that
it is of class C1 in V. In the case of M = T2, a positive answer to this question is given
in the next proposition.
Proposition 14 Suppose M = T2. Let c0 ∈ H1 (T2;R) and U0 be a neighborhood of
c0 in H
1 (T2;R) such that β is differentiable at any point of V =
⋃
c∈U0
∂α (c) . Then
α is C1 in U0. In particular, V is an open set of H1 (T
2;R) and β is of class C1 in V.
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Proof: Let c ∈ U0 be a cohomology class and let h be a rational homology class
belonging to ∂α (c) . Suppose by contradiction that ∂α (c) 6= {h} . Recall that, in case
M = T2, all flats of β flats are radial (see [5]) . Therefore, exchanging, if necessary, h
and a nonzero extremal point of ∂α (c) , which exists because ∂α (c) has two extremal
points which also are rational, we can assume
∂α (c) = [λh, h] = {th : t ∈ [λ, 1]}
for some λ < 1. Let us consider a sequence tn > 1 such that tn → 1. We will show
that, for n sufficiently large, β is differentiable at tnh. In fact, there exists a sequence
cn ∈ H1 (T2;R) such that cn ∈ ∂β (tnh) .Thus
β (tnh) = 〈tnh, cn〉 − α (cn) .
The sequence cn has subsequence bounded. Otherwise, let us consider a subsequence
of cn
‖cn‖
convergent, i.e.
cn
k‖cn
k
‖ → a, where ‖.‖ denotes a norm on H
1 (T2;R) (see for
instance [9], Section 4.10). So we have ‖cnk‖ → ∞ and
α (cnk)
‖cnk‖
=
〈
tnkh,
cnk
‖cnk‖
〉
− β (tnkh)‖cnk‖
→ 〈h, a〉 ,
which contradicts the superlinearity of α. Then we can assume, extracting a subse-
quence if necessary, cn → c˜. Thence
β (h) = lim β (tnh) = lim 〈tnh, cn〉 − α (cn) = 〈h, c˜〉 − α (c˜) .
This shows that c˜ ∈ ∂β (h) . Since β is differentiable at h, we conclude that c˜ = c and
cn ∈ U0 for n sufficiently large. Therefore β is differentiable at tnh.
Observe that tnh is non-singular for all n ∈ N. Otherwise, there exists a fixed
point, which comprise the support of a minimizing measure µ0, in M˜ (∂β (tnh)) = M˜cn.
Since ρ (µ0) = 0, the set [0, tnh] is contained in a flat of β and the maximal flat [λh, h]
may be extended because tn > 1.
Therefore we can apply ([16], Corollary 1) to deduce that T2 is foliated by periodic
orbits and Mcn = Acn = T2. By ([8], Proposition 2.1) we can consider a point (x, v) ∈
TT2 such that the orbit ϕt (x, v) is periodic with period T and which comprise the
support of a minimizing measure with rotation vector λh. If (x, v) is a fixed point, take
T = +∞. Since x ∈ Acn, there exists a only vn such that (x, vn) ∈ A˜cn is a periodic
point with period Tn. By semicontinuity of the Aubry set, (x, vn) converges to some
point (x, w) of A˜c. By the graph property, w = v.
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We now prove that for all δ > 0, there exists n0 ∈ N such that Tn0 ≥ T − δ. In
fact, if some δ > 0 is such that 0 < Tn < T − δ for all n ∈ N, extracting a subsequence
if necessary, Tn → S < T and ϕTn (x, vn) → ϕS (x, v) = (x, v) which contradicts the
minimality of period of the orbit of (x, v). Let us consider h0 ∈ H1 (T2;Z) such that
the probability measure carried by the orbit ϕt (x, v) have homology
1
T
h0 = λh and the
probability measure carried by the orbit ϕt (x, vn) have homology
1
Tn
h0 = tnh. Given
δ = T (1− λ) , there exists n0 ∈ N such that Tn0 ≥ T − T (1− λ) = Tλ. Then, since
h0 = Tλh and h0 = Tn0tn0h, we have
Tλ
Tn0
= tn0 ≤ 1 which is a contradiction.
Now suppose that h be an irrational homology class belongs to ∂α (c) . Therefore
any probability measure h-minimizing is supported on a lamination of the torus without
closed leaves. Moreover, this measure is uniquely ergodic. In particular, h is not
contained in any non-trivial flat of β.
As a consequence of the above Proposition, we present a local version of ([14],
Theorem 3).
Theorem 15 Suppose that M = T2 and let [η] be a cohomology class. Then the
following statements are equivalent:
(1) There exists u ∈ C1,1 (M) and a neighborhood V of Gη,u in T ∗M such that A∗[η] =
Gη,u and V ⊂ N˜ T (L) .
(2) β is differentiable at any point of V =
⋃
c∈U0
∂α (c) for some neighborhood U0 ⊂
H1 (M ;R) of [η] .
(3) There exists u ∈ C1,1 (M) such that the Hamiltonian is locally Lipschitz integrable
on Gη,u.
Proof: (1)⇒ (2) It follows immediately of Corollary 11.
(2)⇒ (3) By Proposition 14 V is open in H1 (T2;R) and the Legendre transform is a
homeomorphism between V and U0. For each h ∈ V, let us consider ch = ∂β (h) . Then
the set of the classes ch with h rational and non-singular is dense in U0. In fact, the
set of the classes ch with h rational (see [14], Lemma 7) is dense in H
1 (T2;R). Now
note that zero is the only (possibly) singular class belongs to ∂α (c) such that c ∈ U0,
because if a non-zero class h is singular belongs to ∂α (c) such that c ∈ U0, then there
is a fixed point in the Mather set of c. Thus ∂α (c) contains the homology of the Dirac
measure on the fixed point. This contradicts the Proposition 14, which says that α is
C1 in U0.
It follows from ([16], Corollary 1) that Ach = T2 is foliated by periodic orbits. By
semicontinuity of Aubry set, we have that Ac = T2 for all c ∈ U0 and that there exist
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ηc a representative of class c and uc ∈ C1,1 (T2) such that A∗c = Gηc,uc . In particular,
A∗[η] = Gη,u for some u ∈ C1,1. Moreover, these graphs are absorbing. Indeed, this
follows from assumption that β is differentiable at any point V =
⋃
c∈U0
∂α (c) and from
converse of Theorem 1. Therefore, since dimH1 (T
2;R) = dimR2, by the Theorem 12,
we obtain a neighborhood of Gη,u foliated by invariant Lipschitz Lagrangian graphs.
(3) ⇒ (1) All point of V belongs to some invariant Lipschitz Lagrangian graphs. In
particular, belongs to some Man˜e´ set, so V ⊂ N˜ T (L) . Since graphs of a foliation are
absorbing, by Theorem 1 we have A∗[η] = Gη,u.
7 An Example: vertical exact magnetic Lagrangian
In this section we present a Lagrangian on the two torus T2 such that the β-
function is of class C1 in the open set
A =
{
(h1, h2) ∈ H1
(
T
2;R
)
: h1 6= 0
}
and is not differentiable at any point outside of A. Let us consider the magnetic La-
grangian on the two torus T2 defined by
L (x, y, v1, v2) =
‖v‖2
2
+ 〈(0, cos (2πx)) , v〉
where the metric ‖.‖ is induced by inner product. This type of convex and superli-
near Lagrangian is an example of vertical magnetic Lagrangian, apresented in [6], in
which the authors were interested in flats of β function. Here we are interested in the
differentiability of β and consequently in flats of α.
The Euler-Lagrange flow associated with this Lagrangian is generated by the
vector field:
XL :
{
x˙ = v
v˙ = −2π sin (2πx) Jv
where J is the 2 × 2 canonical sympletic matrix. Since the energy function for L is
E (x, y, v) = 1
2
‖v‖2 , for each energy level E > 0, we can consider the angle ϕ (with
horizontal line) of trajectories of the Euler-Lagrange flow. This means that ϕ is the
new parameter of v = (v1, v2) :
v1 =
√
2E cosϕ, v2 =
√
2E sinϕ.
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Figure 1: Energy level E > 1
2
It is easy to see that H (x, ϕ) = cos (2πx) +
√
2E sinϕ is a first integral. The critical
points of H are
(
0, π
2
)
-maximum,
(
0,−π
2
)
-saddle,
(
1
2
, π
2
)
-saddle and
(
1
2
,−π
2
)
-minimum.
Depending of the level of energy, there exist or not invariant Lipschitz Lagrangian
graphs. A suficiently condition for existing invariant Lipschitz Lagrangian graphs in
the level of energy E is E > 1
2
. In fact, if |F | < √2E − 1, the level H−1 (F ) of H
is composed by two graphs. This follows from Implicit Function Theorem. Indeed,
∂H
∂ϕ
=
√
2E cosϕ = 0 if and only if ϕ = ±π
2
. In this case, cos (2πx)±√2E = F implies
F ≥ √2E− 1 or F ≤ 1−√2E, which contradicts |F | < √2E− 1. This also show that
the two graphs of ϕ1 and ϕ2 with ϕ2 = π − ϕ1, given implicitly by equation
cos (2πx) +
√
2E sinϕ = F
are invariant for E > 1
2
and |F | < √2E − 1.
The figure 1 describes the projection these graphs in the section xϕ, in the energy
level E > 1
2
. Let us consider the closed 1-forms
ηi =
√
2E cosϕi (x) dx+ Fdy, i = 1, 2, (4)
dependent of E and F. Since L (x, v) = (x, 〈(v1, v2 + cos (2πx)) , ·〉) , we have Gηi,0 =
L
(
x,
√
2E cosϕi,
√
2E sinϕi
)
. These graphs compose a local foliation in T ∗T2, then
are absorbing graphs. It follows from Theorem 1 that β is differentiable at any point
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of ∂α ([ηi]) , where
[ηi] =
∫ 1
0
√
2E cosϕi (x) dx+ Fdy, (5)
for all i = 1, 2, E > 1
2
and F with |F | < √2E − 1. Moreover, by Proposition 14, we
conclude that α function is differentiable at [ηi] .
Take F →√2E−1 by left and F → 1−√2E by right in (5), for each i = 1, 2, we
obtain four closed 1-forms σ1, σ2, ξ1 and ξ2 whose graphs are the connections of saddle.
Therefore Gσ1,0 ∩ Gσ1,0 6= ∅ and the graphs Gσ1,0 and Gσ2,0 is not absorbing. Moreover,
since Gηi,0 are absorbing graphs, A∗[ηi] = Gηi,0. Then, by semicontinuity of Aubry set,
we obtain A[σi] = T2, so A∗[σi] = Gσi,0. It follows from ([14], Proposition 6) that [σ1] and
[σ2] belong to same flat of α. We obtain, analogously, that [ξ1] and [ξ2] belong to same
flat of α. This show that β is neither differentiable at points of ∂α ([σi]) nor at points
of ∂α ([ξi]) . Actually, the homology classes which belong to ∂α ([σi]) and ∂α ([ξi]) are
±√2E (0, 1). In fact, the intersection A[σ1] ∩ A[σ2] is the intersection of two graphs
given by implicit equation
cos (2πx) +
√
2E sinϕ =
√
2E − 1.
Thence A[σ1] ∩ A[σ2] is the closed curve γ1 : t 7→
(
1
2
,
√
2Et
)
. In particular, γ1 belongs
to M[σ1] ∩M[σ2] which supports the measure µ1 with rotation vector equals ρ (µ1) =√
2E (0, 1) . Analogously, A[ξ1] ∩ A[ξ2] is the closed curve γ2 : t 7→
(
0,−√2Et
)
which
supports a probability measure µ2 with ρ (µ2) = −
√
2E (0, 1) . Therefore we prove that
β function is not differentiable at any homology class of the form (0, h2) .
Remark 16 Since H and E are first integrals, given two constants a and b, the level
set (H,E)−1 (a, b) = {(x, v) : H (x, v) = a, E (x, v) = b} is an absorbing set. Therefore,
it follows from Proposition 6 that if H
(
A˜c
)
= F for some c ∈ H1 (T2;R) , then
(H,E)−1 (F, α (c)) projects onto the whole torus T2.
By previous remark, for all c ∈ H1 (T2;R) the Aubry set A˜c is contained in
an invariant Lipschitz Lagrangian graph. Since the supports of minimizing measures
contained in the graphs Gσi,0 and Gξi,0 have vector rotation of the form (0, h2) , if h ∈ A
then M˜h is contained in a neighborhood foliated by Lipschitz Lagrangian graphs. It
follows from Theorem 15 and Proposition 14 that β is of class C1 in some neighborhood
of h and hence of class C1 in A.
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